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Abstract
In low density regime , the fluorescence of Frenkel exitons in crystal slab can be
studied without the aid of rotating wave and Mackoan approximation. The equa-
tions for the case of double and triple lattice-layers are now solved exactly to give
the eigen decay rates, frequency shifts and the statistical properties of the elds.
1. Introduction
The spontaneous emission of excitons in a quantum well or crystal slab is of charater of
superfluorescence, since exciton, as exited state of the whole quantum well (crystal slab)
has a macroscopic transition diple moment.
People attach great importance to the photodevices of excitons because it may have






It is well known that the exciton in bulk crystal does not radiate, but forms polariton
instead[1,2]. This shows that a general treatment of exciton superfluorescence should take
the reabsorption eect into account.
There has been quite a lot of theoretical studies on superfluorescence of studies on
superfluorescence of excitons[3−10]. In the case of Frenkel excitons of low density, Knoester
studied[5] the crossover from superradiant excitons to bulk polaritons when the number of
the lattice-layers in the crystal increases without bound. He gives the correct form of the
function Fkk′ which describes the coupling between the excitons of wave vector k and k
0
by exchange of photons. We have pointed out[11] that it should count in the two-photon
coupling term properly in order to get this correct form of Fkk′. Knoester proposed
[5] that
Fkk′ is strongly peaked around k = k
0 and one may keep only the diagonal elements to
a good approximation. There are some ambiguities in this proposition, since k takes the
values limited to one Brillouin zone which exists dierent selections. Besides, when one
derives the whole set of sigen decay rates, some of them are small, the contribution from
o diagonal elements could be important.
In this paper we will study the fluorescence of Frenkel exciton in thin crystal lm
of double and triple lattice-layers. The Heisenberg equations without rotating wave ap-
proximation are solved in the low density regime without Mackoan approximation. The
two-photon coupling term in the interaction Hamiltonian is included properly. The eigen
decay rates, frequency shifts as well as the evolution of elds in terms of their initial values
are obtained consequently.
The exciton-phonon interaction is not taken into account in this investigation.
2. Brief review of general formulation
We rst write down the general formulation for the crystal slab of N lattice-layers. The
crystal is assumed to have simple cubic structure. When the two-photon coupling term
e2
2mc
A2 is taken into account, the interaction Hamiltonian between exciton and photon for
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G(q)G(q0)O(q0 − k)O(k + q)[a^q(t) + a^+−q(t)][a^q′(t) + a^+−q′(t)] (1)
where q and k are wave vectors for photon and exciton respectively, they are in the z-
direction, perpendicular to the crystal slab, B^k(t) and a^q(t) are exciton and photon anni-
hilation operators respectively, B^k(t) and B^
+
k (t) satisfy the boson commutation relations
[B^k(t) , B^
+
k′(t)] = δkk′, (2)





Where V = AL is the normalization volume for the photon, n is the number of lattice
sites of each layer, µ denotes the transition dipole moments of a single lattice, supposed
for simplicity perpendicular to the z-axis.





with m = 0, 1,   N − 1. But in the H^inteq(1), k’s are assumed symmetric respect to the
zero, so we should take m = −1
2
(N − 1),    , 1
2




, j = 0,1,2,    ,1.
O(k − q) is the wave-vector matching factor, now takes the form[11]
















(k − q)a (5)
l is the index for the layers. In case k = q, O(k − q) will equal to one, when k 6= q and N
is sucient large, O(k − q) will be small.
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We notice that no rotating wave approximation is made in eq.(1), and the two terms
on the right-hand side correspond to single-photon coupling and two-photon coupling re-
spectively.
From H^int and the commutation relation, one may immediately write down the Heisen-
berg equations for B^k(t), a^q(t) and their hermitian conjugates. These equations are linear










as did in Ref.[5] and then eliminating the photon operators, we get
∑
k′
[(ω2 − Ω2)δkk′ − 2ωFkk′(ω)][B^k(ω)− B^+−k(ω)]









ωG(q)O(k − q)[ a^q(0)
ω − jqjc +
a^+−q(0)
ω + jqjc ], (7)












O(k − q)O(q − k0)






Fkk′(ω) is the same as that dened in Ref.[5], notice that our O(k − q) is dierent from
that in Ref.[5], apart from an phase factor e
1
2
i(k−q)(N+1)a, by a factor 1p
N
. For simplicity
we have negelected the term of static dipole-dipole interactions which are introduced in
Ref.[5].
We should mention that even disregarding the terms proportional to a^q(0) and a^−q(0),
eg(7) is still somewhat dierent from the result of Ref.[5] as mentioned in Ref.[11].
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3. The case of double lattice-layers
Now we consider the special case N = 2. The wave-vector matching factor for N = 2
becomes
O(k − q) = cos 1
2
(k − q)a (10)
where k takes the values  pi
2a









(ω), etc, and evaluate the integrals in eq(8) by contour integration, with the results






We note that the nondiagonal elements here (F+− and F−+) is of the same orderly as the
diagonal elements.
The coupled equation(7) now becomes
(ω2 + iωη − Ω2)[B^+(ω)− B^+−(ω)] + iωηe
iωa
c [B^−(ω)− B^++(ω)] = A^0(w), (13a)
iωηe
iωa
c [B^+(ω)− B^+−(ω)] + (ω2 + iωη − Ω2)[B^−(ω)− B^++(ω)] = −A^+0 (−ω) (13b)
where















ω − jqjc +
a^+−q(0)
ω + jqjc ] (13c)
















ω − jqjc +
a^+−q(0)
ω + jqjc ] (13d)
Eqs.(13) are easily solved to get:
B^+(ω)− B^+−(ω) =
(ω2 + iωη − Ω2)A^0(ω) + iωηe iωac A^+0 (−ω)
(ω2 + iωη − Ω2 + iωηe iωac )(ω2 + iωη − Ω2 − iωηe iωac ) (14a)
B^−(ω)− B^++(ω) = −
iωηe
iωa
c A^0(ω) + (ω
2 + iωη − Ω2)A^+0 (−ω)
(ω2 + iωη − Ω2 + iωηe iωac )(ω2 + iωη − Ω2 − iωηe iωac ) (14b)
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So the roots of
ω2 + iωη − Ω2 + iωηe iωac = 0 (15)
and
ω2 + iωη − Ω2 − iωηe iωac = 0 (16)
will determince the eigen decay rates and corresponding frequency shifts. These roots can
not have positive imaginary part, namely the poles of B^+(ω)− B^+−(ω) will not be localized
in the upper half ω-plane, since two necessary conditions can be deduced for eq.(15) to
have root of positive imaginary part:




and both of these conditions are untenable. Similarly eq.(16) also can not have root of
positive imaginary part. These results mean the basic physics laws will not be violated as
in the case of monolayer[11].
We have derived from physical roots of eqs.(15) and (16):
ω1 = Ω1 − iΓ1, ω3 = −Ω1 − iΓ1
ω2 = Ω2 − iΓ2, ω4 = −Ω2 − iΓ2 (17)
in which






), Γ1 = η,
Ω2 = Ω(1− ηa
2c






In the following we will omit the terms proportional to a^q(0) and a^
+
q (0), since here we






















[ω(B^k(ω)− B^+−k(ω))− i(B^k(0)− B^+−k(0))] (19c)
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The summation of q in eq.(19b) can be tranformed to integration and carried out by
contour integration. In the positive z region outside the crystal slab, we get for the double
lattice-layer case








(ω + Ω)(B^+(0) + B^−(0)) + (ω − Ω)(B^++(0) + B^+−(0))




(ω + Ω)(B^+(0) + B^−(0))− (ω − Ω)(B^++(0)− B^+−(0))




where A is the area of each layer, it is also the cross area of the normalization volume for
the photon as mentioned above.
The electric eld E^(z, t) in this region is calculated by eq.(19a), with the results
E^(z, t) = 0, for z − ct > 0
















[(B^+(0) + B^−(0)) +
Ω1 − Ω− iΓ1




















[(B^+(0)− B^−(0))− Ω2 − Ω− iΓ2





)−Γ2(t− zc ) (22)
and E^(−)(z, t) is hermitian conjugate of E^(+)(z, t). We note that this solution is free




The electric eld in the z < 0 region can be derived similarly, with the resultant waves
propagating in backward z direction as expected.
There are two eigen decay rates appeared in the E^(z, t): Γ1 and Γ2. Physically they
corresponds to the true superradiant mode and \traping" mode respectively. To see this ,
let us consider the unsymmetrical set of k values, namely m takes 0 and 1 in eq.(3), and
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denote the corresponding B^k(ω) as B^0(ω) and B^1(ω) respectively. Evidently, the dipoles
of the two layers have the same phase for the m = 0 mode and have opposite phase for the
m = 1 mode. Thus they are so called superradiant mode and \traping" mode. Although
B^0(ω) and B^1(ω) can not be derived by means of eq.(7), it can be obtained through their




























So they are just the modes with large decay rate Γ1 and small decay rate Γ2. We note that
the decay rate Γ2 of \traping"mode here is still as large as
3pi
4
times the decay rate of a
single atom(molecular), because the atoms in each layer are still cooperated.
One may show that the energy flux S^ is always directed outward from the crystal lm,
namely it is in positive z direction in the z > 0 region and in negative z direction in the
z < 0 region as required.




, the E^(+)(z, t) is expressed by the superradiant mode

















−iΩ2(t− zc )−Γ2(t− zc ) (24)
for z > o and t− z
c
> 0. Similar results for z < 0, t + z
c
> 0.





which will be given by
I(z, t) = I0(z, t) + I1(z, t) + I01(z, t) (25a)
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B^0(0)B^1(0)ie−i(Ω2−Ω1)(t− zc )]e−η(t− zc ) (25d)














hB^0(0)B^1(0)i]e−η(t− zc ) (25e)
If the initial exciton state is an eigen number state or chaotic(thermal) state, I01(z, t)
will be zero and I0(z, t) reduces to
ηhΩ
A
hB^+0 (0)B^0(0)ie−2η(t− zc ). The time integrated value






[hB^+0 (0)B^0(0)i + hB^+1 (0)B^1(0)i] (26)
In the z < 0 region, we have the similar result. We see that the decay rate of k = 0 mode
is twice of that of monolayer, which is just the character of superfluorescence.
When the initial exciton state is coherent state, there will be additional terms in I(z, t),
especially the term denoted by I01(z, t) which will show itself in the intermediate stage.
The variance of light intensity and quadrature components of E as well as the corre-
lation functions can be evaluated directly from eq.(22) or eq.(24). We see that even for
the superradiant mode in which the emission is totally collective (for the collectivity in
the single layer, see the discussion in Ref.[11]), the emitted light still may have dierent
statistics according to the initial exciton states.When the initial exciton is in chaotic states,
the light will be also of chaotic nature.
In addition, the eect of antirotating interaction on the noise of the emitted light can
be studied as we did in Ref.[11].
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4. The case of triple lattice-layers
The cases of odd N and even N have a qualitative dierence in the m-value series −1
2
(N −
1),    1
2
(N − 1) for eq.(4). In the former case, m contains zero, while in the latter, not.
N = 3 is the simplest case of odd N , apart from the trival case N = 1, which has no
nondiagonal terms Fmm′ (here and in the following we use Fmm′ to denote Fkk′).
For N = 3
O(k − q) = 1
3
[2 cos(k − q)a + 1] (27)
leading to the matrix F (with elements Fmm′ , m, m
0 = 1, 0,−1) as




−x2 − 2x + 3 −x2 + x 2x2 − 2x
−x2 + x 2x2 + 4x + 3 −x2 + x





where x = e
iωa
c  eiδ. To the second order of δ,
D(ω) =

4δ + 3iδ2 δ + 2
3
iδ2 −2δ − 3iδ2
δ + 3
2
iδ2 9i− 8δ − 6iδ2 δ + 3
2
iδ2
−2δ − 3iδ2 δ + 3
2
iδ2 4δ + 3iδ2
 (29)
We see that the nondiagonal elements are of the same order of F11 and F−1,−1, so that they
can not be neglected in the equations for B^1 − B^+−1 and B^−1 − B^+1 .
The couple equations now take the form














when the terms proportional to a^q(0) and a^
+
−q(0) are neglected.
The eigen decay rates and corresponding frequency shifts are determined by the roots,
of the following equation
(ω2 − Ω2)3 + 1
3
ηω(B + 2A)(ω2 − Ω2)2 + 1
9





η3ω3[(A2 − E2)B + 2C2(E − A)] = 0 (31)







We get the six roots of eq.(31) as follows:
ω1 = Ω1 − iΓ1, ω01 = −Ω1 − iΓ1,
ω0 = Ω− iΓ, ω00 = −Ω0 − iΓ0, (33)
ω−1 = Ω−1 − iΓ−1, ω0−1 = −Ω−1 − iΓ−1.
with
Ω1 = Ω(1− ηa
3c
















Ω−1 = (1− ηa
c




All the roots are in the lower half plan of complex ω as they should be.
The direct way to solve for B^m(ω) − B^+−m(ω) from eq.(30) is to diagonize the matrix
D(ω) dened by eq.(28). Up to second order of δ, we get the transformation matrix T (ω)
which satises






































ω2 − Ω2 + 1
3
ηωDm′







































− qa) + 1]
iTm′m






































−iΩm(t− zc )−Γm(t− zc ), (37c)
















m (ωm, 0)− (Ω− ωm)β^(2)m (ωm, 0)] (37d)









We see that m = 1 modes are not of eigen decay rates. On the contrary, the eigen modes
are nearly maximum mix of these two modes.











Thus we have, denoting B^k by B^m as before, the three approximate eigen modes as
1p
2
[B^m=1(0) + B^m=−1(0)] =
1p
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[B^l=1(0) + B^l=0(0) + B^l=−1(0)] (40b)
1p
2




















These results shows clearly why the \traping"modes are not just B^m = 1 but their
mixtures with nearly equal weight, since only the mixtures shown in eqs.(40a) and (40c)
have zero transiton-dipole moment in total.
The light intensity c
2pi
hE^(−)(z, t)E^(+)(z, t)i and correlation functions of the elds can be
evaluated by eq.(37c) directly. The true superradiant mode(m = 0) has a decay rate 2Γ0
which is triplet of that for monolayer,showing the emission is of totally collective. But , as
in the double layer case, the statistical properties of the light of this mode still may have
dierent variaties, depending on the initial state of the excitons.
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5. Brief conclusions
1. Knoester[3] claimed that Fkk′(ω) is diagonal to a good approximation. But we show
explicitly that this is not generally true.
2. We show that in low-density case, even the emission is superradiant and collective
in nature, the light still may have dierent statistical properties, depending on the initial
state of exciton.
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